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@ ¢ > 0: knapsack weight capacity
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@ r; > 0: reward per weight unit of item i
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@ Y;: independently normally distributed weight of item i
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¢ > 0: knapsack weight capacity

n items

ri > 0: reward per weight unit of item i/

Xi: independently normally distributed weight of item i

wi,oi: mean and standard deviation of x;
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The Stochastic Knapsack Problem with Random Weights
¢ > 0: knapsack weight capacity

n items

ri > 0: reward per weight unit of item i/

Xi: independently normally distributed weight of item i

wi,o;: mean and standard deviation of y;

Problem
How to handle possibility of violated capacity constraint?
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Problem Solving Method - Scheme
@ Branch-and-Bound algorithm
@ Solve linear relaxation to compute upper bounds

@ Use stochastic gradient type algorithm to solve linear
relaxation

@ Apply "Integration by parts’-method to obtain needed
gradient
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Convexity of knapsack chance-constraints (A. Prekopa)

Let y; follow a log-concave probability distribution. Then a
knapsack chance-constraint of the form P{} ", xix; < c} > p
defines a convex set.

@ Example: normal distribution
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Outline of the Stochastic Arrow-Hurwicz algorithm

@ Solve Lagrangian Dual
— "non-constrained” stochastic optimization problem

@ objective function: L£(x,\) = E[¢(x, A, x)]
@ stochastic gradient algorithm

o draw sample ¥ of random vector x
o use V,l(xk=1 N1 %) (instead of V,L(x 71, Ak=1)) to
update x*
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Stochastic Arrow-Hurwicz Algorithm

Choose x° € X, A0 € [0,00), o-sequences (€)xen+ & (pF)ken:.
At iteration k > 1, draw x* = (XX, ..., xX)
Update x¥ and A¥ as follows:

Xk _ Xk—l + Gkvxf(xk_l,)\k_l,xk)

n
=X 4 pf(p—1ge(c - ZX;(Xik))
i=1
Foralli=1,...,n: If x,-k > 1 set x,-k =1/If x,-k < 0 set x,-k =0
If AK >0 set Ak =0
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@ use Integration by Parts to reformulate

Elt(x0] = [ €xx) dx
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ooe

Solution

@ use Integration by Parts to reformulate
oo
E[t(x, )] = [ €(x,x) dx
—00

e — differentiable function ¢(x, {) such that

Efe(x, x)] = E[¢(x, x)]

o replace V,£(x*1, \k=1 k) by VXZ(Xk_l,)\k_l,xk) in
stochastic gradient algorithm
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Technical Problem: Non-convexity

o E[lgr+(c— > 7_; xixi)] > p defines a convex feasible set,
but...

. the Lagrangian

X )\)— ZrIXIXI - p_E ]1]R+(C_inxi)
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Technical Problem: Non-convexity

o E[lgr+(c— > 7_; xixi)] > p defines a convex feasible set,
but...

@ ... the Lagrangian

Z riXiXi] -A (P —E

is not concave. At least not everywhere...

L(x,\)=E

Ige(c—) XiXi)] )

i=1

CDF involved

E |1g+(c— ZX,'X,')] = P{Z xixi < ¢} = ®(c)
i=1 i=1

where ® is the cumulative distribution function of 27:1 XiXi

S. Kosuch, M. Letournel, A. Lisser Stochastic Knapsack Problem CTW 2010 21 /26



Introduction Chance-Constrained Knapsack Problem Problem Solving Method Numerical Tests Conclusion

000 0000 000000@®
[e]e]e} (e}

Figure: Constraint function in 1 and 2-dimensional case with realistic
constants
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Numerical Tests

oe

Arrow-Hurwicz & IP-method

n || considered nodes | CPU-time (sec) B-and-B | Gap
15 34 0.06 0 %
20 63 0.13 0%
30 436 1.22 0 %
50 7051 31.34 0%
75 23911 161.47 0 %
100 98479 1049.18 ?

* CPU-time exceeds 1h

Table: Numerical results for the (combinatorial) ECKP
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Conclusion

e Chance- (Expectation-) Constrained Knapsack problem
with random weights

e Branch-and-Bound algorithm to search binary solution
space

@ Solve relaxation to obtain upper bounds using stochastic
gradient algorithm

o Integration by Parts method to overcome
non-differentiability

@ Convergence Issues — solved with more intelligent choices

@ Able to solve (Binary) Chance-Constrained Knapsack problem
with up to 100 items in less than 1h
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Conclusion

Thank you!

Danke!
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