On a Two-Stage Stochastic Knapsack Problem
with Probabilistic Constraint

Stefanie Kosuch Abdel Lisser

Université Paris XI (LRI) France

Cologne-Twente Workshop on
Graphs and Combinatorial Optimization
June 02-04, 2009
Paris, France

S. Kosuch, A. Lisser 2-Stage Knapsack Problem & Probabilistic Constraint



@ Introduction

S. Kosuch, A. Lisser 2-Stage Knapsack Problem & Probabilistic Consti



@ Introduction

© Mathematical Formulation & Problem Solving

S. Kosuch, A. Lisser 2-Stage Knapsack Problem & Probabilistic Constraint



@ Introduction

© Mathematical Formulation & Problem Solving

© Calculating Upper bounds

S. Kosuch, A. Lisser = 2-Stage Knapsack Problem & Probal



@ Introduction

© Mathematical Formulation & Problem Solving
© Calculating Upper bounds

@ Calculating Lower Bounds
@ The general case
@ The case of similar items

S. Kosuch, A. Lisser = 2-Stage Knapsack Problem & Probabilisti

Constraint



@ Introduction

© Mathematical Formulation & Problem Solving
© Calculating Upper bounds

@ Calculating Lower Bounds
@ The general case
@ The case of similar items

© Some remarks on numerical testing

S. Kosuch, A. Lisser = 2-Stage Knapsack Problem & Probabilisti

Constraint



@ Introduction

© Mathematical Formulation & Problem Solving
© Calculating Upper bounds

@ Calculating Lower Bounds
@ The general case
@ The case of similar items

© Some remarks on numerical testing

@ Conclusion

S. Kosuch, A. Lisser = 2-Stage Knapsack Problem & Probabilisti

Constraint



Introduction

Outline

0 Introduction

S. Kosuch, A. Lisser 2-Stage Knapsack Problem & Probabilistic Consti



Introduction

Two-Stage Knapsack Problems with random weights

S. Kosuch, isser ~ 2-Stage Knapsack Problem & Probal



Introduction

Two-Stage Knapsack Problems with random weights

@ Given a knapsack with fix capacity ¢

S. Kosuch, A. Lisser 2-Stage Knapsack Problem & Probabilistic Constraint



Introduction

Two-Stage Knapsack Problems with random weights

@ Given a knapsack with fix capacity ¢

o Given n items

S. Kosuch, A. Lisser 2-Stage Knapsack Problem & Probabilistic Constraint



Introduction

Two-Stage Knapsack Problems with random weights

@ Given a knapsack with fix capacity ¢

o Given n items

@ ;: random variable representing the weight of item /

S. Kosuch, A. Lisser 2-Stage Knapsack Problem & Probabilistic Constraint



Introduction

Two-Stage Knapsack Problems with random weights

@ Given a knapsack with fix capacity ¢

e Given n items
@ ;: random variable representing the weight of item /

@ rj: reward per weight unit of item J

S. Kosuch, A. Lisser 2-Stage Knapsack Problem & Probabilistic Constraint



Introduction

Two-Stage Knapsack Problems with random weights

@ Given a knapsack with fix capacity ¢

e Given n items
@ ;: random variable representing the weight of item /
@ rj: reward per weight unit of item J

o First stage: items can be put in the knapsack

S. Kosuch, A. Lisser = 2-Stage Knapsack Problem & Probal Constraint



Introduction

Two-Stage Knapsack Problems with random weights

@ Given a knapsack with fix capacity ¢

e Given n items
@ ;: random variable representing the weight of item /
@ rj: reward per weight unit of item J

o First stage: items can be put in the knapsack

o

First stage «— second stage: item weights are revealed

S. Kosuch, A. Lisser = 2-Stage Knapsack Problem & Probal Constraint



Introduction

Two-Stage Knapsack Problems with random weights

@ Given a knapsack with fix capacity ¢

e Given n items

x;: random variable representing the weight of item /
ri: reward per weight unit of item J

First stage: items can be put in the knapsack

First stage «— second stage: item weights are revealed

Second stage: The decision can be corrected

S. Kosuch, A. Lisser = 2-Stage Knapsack Problem & Probal Constraint



Introduction

Two-Stage Knapsack Problems with random weights

@ Given a knapsack with fix capacity ¢

e Given n items

x;: random variable representing the weight of item /
ri: reward per weight unit of item J

First stage: items can be put in the knapsack

First stage «— second stage: item weights are revealed

Second stage: Items can be removed in case of an overweight

S. Kosuch, A. Lisser = 2-Stage Knapsack Problem & Probal Constraint



Introduction

Two-Stage Knapsack Problems with random weights

@ Given a knapsack with fix capacity ¢

e Given n items

x;: random variable representing the weight of item /
ri: reward per weight unit of item J

First stage: items can be put in the knapsack

First stage «— second stage: item weights are revealed

o
o
o
o
@ Second stage: ltems can be removed in case of an overweight
o

Correction of the decision causes penalty
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Problem " Solving” Method

@ Search First Stage solution space using Branch-and-Bound
algorithm

@ Compute UBs by solving relaxed problem

@ Given feasible first stage solution: Compute UB on Second
Stage problem to get LB on overall problem
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Calculating Upper bounds

@ Solve the corresponding relaxed problem
e xe{0,1}" — x €[0,1]"
e ye{0,1}" — y €[0,1]"

Interpretation of relaxed second stage problem

@ Remove exactly the overweight
o E[Q(x,X)ly € [0,1]"] = B[} xixi — c]]

[x]* := max(0, x)
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Simple Recourse Knapsack Problem

n
(SRKP) Jax E iz:;r,-x,-x,-] _d.E[[Zx,-X,-_c]ﬂ
s.t. E ]1]R+(C = iXiXi) >p
i=1

Problem Solving method?

@ Solve Lagrangian MinMax Problem

@ Stochastic gradient type algorithm
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Interpretation
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Bounding E [1g+ (D] ; XiXxi — ¢) maxies X

o Ip+(Xii %i%i — ) =1 = Xiax = ¢/IS|

° a:=c/|S]

e = Divide interval (a, 5] in disjunct intervals
(ak,Bk], k=1,...,K

E|1gr+ ZX’X’ — ) Ximax | < ZBkIP{XiaX € (&k,ﬁk]}

k=1
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The general case

The case of similar items

- o ~ max; ;
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..,n} ‘,U'I'_H‘J
min;e {1,

.on} Mi

<< 1/2]

o = P{3i,j: xi >2x;} =0
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Some remarks on numerical testing

@ No test instances for comparison available
— randomly generated

@ Exact solutions unknown

Numerical Results

@ Solving the relaxed problem: n=15:~ 3ms, n = 4500 : < 1s

e B&B-algorithm (similar items):

n | nods considered CPU (sec) Gap
15 349 1.21 10.5%
20 974 433  6.7%
30 10513 679 3.8%
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Conclusion

Recapitulation

@ We proposed to search for good lower bounds on the
Two-Stage Stochastic Knapsack Problem with Probabilistic
Constraint using a branch-and-bound algorithm

@ Upper bounds on the overall problem as well as on
subproblems can be obtained by solving the corresponding
relaxed problem

@ The relaxed problem can be solved using a stochastic gradient
algorithm

@ Lower bounds are obtained during the b-a-b algorithm by
bounding the second stage problem from above
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Conclusion

Thank you!

Merci!

Dank(e)!
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